Line Integrals

Background

line integral is denoted

[ f(z,y)ds

Jo F@, )V % "+ dt “dt
Jo f(z,y)||r'(t)||dt

For a line integral with respect to arc length if we change the direction, the integral does
not change.

fC f(w7y)ds = f_c f(xay)ds

Example

Evaluate

[ zy'ds where C is the right half of the circle 2% + y* = 7
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Example 2
Evaluate fC 4x3ds where C is the curve shown below
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fCl 4x3ds + fC2 4x3ds + f03 4x3ds = —5.732



Example 2
Evaluate fC 4z3ds where C is the line segment from (-2,-1) to (2,1)
r=<-2+3t, -1+ 3t >

Jy 4zPds = —21.213

Example 3
Evaluate fC 423ds where C is the line segment from (2,1) to (-2,-1)
r=<1-3t2-—3t>

[ 4z3ds = —21.213

Work and line integrals

Work = Force x distance = F. A7

Along a trajectory C, work add up to .
W = [, F.dr

W = lima_,o X F. A7

W = lima_,0 3 F. 30 At

W= ['F. 2idt

Example

F=-yi+x
Cr=ty=t’0<t<1

Method 1

W = [ (—t% + tj). (Li + 2tj)dt
W = [/[—t2 +2t2]dt = L <
Method 2

F = Mi + Nj, d7 = dzi + dyj



W = [, F.dr
W = fCMda:—l—Ndy

dx = dt, dy = (2t)dt
W = [, Mdt+ N(2t)dt

F=-yi+Xx
W = [, —tdt + 2¢*dt

Geometric understanding

dr =< dz,dy >= T'ds

di _ _ de dy —_ rvds
7 < aa > Tg
W= [, F.dr

W = [,Mdz + Ndy = [, F.Tds

Example
Circle of radius a at origin, counter clockwise.
F =i+ yj

F'is perpendicular to T'. Therefore

I F.Tds=0

Example

Circle of radius a at origin, counter clockwise.
F = —yi + xJ

Fis parallel to T. Therefore

[ F.Tds = [,|F|ds = fo% a’ds = 2ma®



