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Stability of Closed Loop Systems

open-loop control in motion systems means that there is no position feedback of a moving object
e.g a dishwasher or sprinkler system for your lawn

Closed-loop control means that there is some kind of position information that is fed back to the
motion controller of a system and that is used in the positioning process. e.g dishwasher with a
clean sensor, car with a speedometer.

OPEN FEEDBACK SYSTEM

CLOSED-LOOP FEEDBACK SYSTEM

5.2

Input Q9 Process Output

Feedback

Absolutely stable system.

The open loop control system is absolutely stable if all the poles of the open loop transfer function
present in left half of ‘s’ plane. Similarly, the closed loop control system is absolutely stable if all
the poles of the closed loop transfer function present in the left half of the ‘s’ plane.

Routh-Hurwitz criterion

All roots lie in LHP if and only if a certain set of algebraic combinations of the coefficients all have
the same sign.

Example 1

N(S)
a). For the transfer function H(S) = ) where must the roots of DS be located?

left-hand side of the argand diagram.

1
b) Transfer function H(s) = p where a is positive. What is the g—l{H(s)}L*I{H(s)}?

L7HH(s)} = e L H{H(s)} = e
c) is the system stable?

As t goes to infinity the function goes to 0.
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Example 2

1
(s+1)(s+2)(s—3)

Transfer function H(s) =

a) Express as a patrtial fraction.

A B C
(s+1) + (s+3) + (s—=2)

H(s) =
c)
What is the 21 {H(s)}L ™' {H(s)}?

LY H(s)} = Ae~t + Be 3 + Ce® L '{H(s)} = de '+ Be 3" + Ce?
c) is the system stable?

The third term makes the entire system unstable.

Example 3

1

Transfer function H(s) = . Assess whether this system is stable.

st 4353552 +5+2

Since not all the signs have the same sign so therefore unable.

Example 4
. 1 .
Used RH array to assess whether the transfer function -———— is stable
§*+2s°+3s°+10s+8
\(\begin{bmatrix}
sM &1 &3 &8\\
\hline\hline
SA3 & 2 & 10 & 0 \\
\hline
SA2 & -2 & 8 & \\
\hline
B 7 sM&18&0& \\
s 1 3 8 \hline
3 SAQ & 8 & & \\
s 2 100 \hline
2 —2 8 \end{bmatrix}\)
st 18 0
s 8

Since there is 2 Roots in the right half plane then we can deduce that this is unstable -

we only need at least 1 root in the right half plane to conclude unstable.
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Example 5
. 1 .
Used RH array to assess whether the transfer function ———— is stable
§T+2s7+35%+4s+5
\(\begin{bmatrix}
sA &1 &38&5\\
\hline\hline
SA3 & 2 &4 &0 \\
\hline
SA2&1&5& \\
\hline
i 7 sM&-6&08& \\
st 1 35 \hline
3 SA0 & 5 & & \\
3 40 \hline
2 1 5 \end{bmatrix}\)
st —6 0
s 5

Since there is 2 Roots in the right half plane then we can deduce that this is unstable

Example 6

Used RH array to asse

(4 1 2 5]
s3 2 40
g2 € 5
o1 4e:10 0
s0 5

1

ss whether the transfer function -———— is stable
§T+25°+25°+4s+5

\(\begin{bmatrix}
sAMA &1 &2 &5\\
\hline\hline
SA3 & 2&4&0\\
\hline
sA2 & \epsilon & 5 & \\
\hline
sAl & \frac{4\epsilon -10}{\epsilon} & 0 & \\
\hline
SAQ & 5 & & \\
\hline
\end{bmatrix}\)

https://mapleleafschools.instructure.com/courses/18639/pages/stability-of-closed-loop-systems?module_item_id=835731

3/11



18/04/2024,09:33

Stability of Closed Loop Systems: Calculus 12 - S2 - Marland

Apply lim, o+ \(\lim_{\epsilon \rightarrow 0+}\)

\(\begin{bmatrix}
sAM & 1 & 2 & 5 \\
\hline\hline
SA3 & 2 & 4 & 0 \\
\hline
SA2 & O+ & 5 & \\
\hline
7 sAL & -\infty & 0 & \\
\hline

SAQ & 5 & & \\
\hline

\end{bmatrix}\)

OO N

Since there is 2 Roots in the right half plane then we can deduce that this is unstable

Example 6

Used RH array to assess whether the transfer function —;
N

[ 1 1
8 1 1
s? e 1
sl % 0
s 1

1

+s3+52+s+

\(\begin{bmatrix}
sAM &1 &1 &1 N\\
\hline\hline
sA3 &1 &1&0N\\
\hline
sA2 & \epsilon & 1 & \\
\hline
7 sA1l & \frac{\epsilon -1}{\epsilon} & 0 & \\
\hline
sAQ & 1 & & \\
\hline
\end{bmatrix}\)

Apply HIn&%0+\(\1im_{\epsilon \rightarrow 0+}\)

\(\begin{bmatrix}
sAM & 1 &1 &5 \\
\hline\hline
sA3 &1 &1 &0 \\
\hline
SA2 & 0+ & 1 & \\
\hline
7 sAL & -\infty & 0 & \\
\hline

SAQ & 1 & & \\
\hline

N W

0+

\end{bmatrix}\)

O |H| M-

w | ®» (¢ »  ®»
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Since there is 2 Roots in the right half plane then we can deduce that this is unstable

Example 7
. 1 .
Used RH array to assess whether the transfer function -——— is stable
§T+3s7+3s +2s+1
\(\begin{bmatrix}
sM &1 &3 &5\\
\hline\hline
SA3 & 3 &2 &0 \\
\hline
sA2 & \frac{7}{3}& 1 & \\
~ - \hline
st 1 3 5 sA1 & \'FI"GC{S_}{?}& & \\
\hline
$$ 3 20 SAQ & 1 & & \\
9 7 \hline
s° 3 1 \end{bmatrix}\)
1 5
5 7
91

All the elements of the first column of the Routh array are positive. There is no sign change
in the first column of the Routh array. So, the control system is stable.

Example 8
" 1 .
Used RH array to assess whether the transfer function —; > is stable
st23 452425 +1
\(\begin{bmatrix}
sAMd &1 &1 &1\
\hline\hline
sA3 &2 &2 &0 \\
\hline
sA2 & \epsilon & 1 & \\
\hline
[ 4 1 1 1 7 sA1l & \frac{\epsilon -1}{\epsilon} & & \\
s \hline
3 SAQ & 1 & & \\
5 2 2 0 \hline
g2 € 1 \end{bmatrix}\)
1 e—1
s =
2 1
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Apply lim, o+ \(\lim_{\epsilon \rightarrow 0+}\)
\(\begin{bmatrix}
sAM &1 &1 &5\\
\hline\hline
SA3&2&2&0\\
\hline
SA2 & 0+ & 1 & \\
\hline
- 7 sAL & -\infty & 0 & \\
5 \hline
0 sAQ & 1 & & \\
\hline
\end{bmatrix}\)

N W B~

S
_|_
S| N

W (W »® | ®» | ®»

Since there is 2 Roots in the right half plane then we can deduce that this is unstable

Example 9

Used RH array to assess whether the transfer function —

\(\begin{bmatrix}
sA3 &1 & -3 \\
\hline
sA2 & \epsilon & 2 & \\
\hline
_ sA & \frac{-3\epsilon-2}{\epsilon} & 0 & \\
3 1 -3 \hline
SAQ & 2 & & \\
§2 € 2 \hline
\end{bmatrix}\)

—3e—2
€

As € — O\(Q\epsilon \rightarrow 0\)

e so there are two sign

changes.
Example 10
. 1
Used RH array to assess whether the transfer function
Y 5+3s4+53+352+5+3

\(\frac{1}{sA5+3sA4+sA3+3sA2+s+3}\) is stable

\(\begin{bmatrix}
sA5 & 1 & 1 & 1\\
\hline
sA4L & 3 & 3 & 3 \\
\hline
SA3 & 0 & 0 & \\
[ T \hline
SA2 & 2 & & \\
\hline
\end{bmatrix}\)

S| W | =
w | =

N W x| >t

S
S
S
S

N O W =

A(s) = 35* + 352 + 3\(A(S) = 35M + 35A2 + 3 \)

% — 1283 + 65\( \frac{dA}{dS} = 125A3+6s \)
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\(\begin{bmatrix}
sAS & 1 & 1 & 1\\
\hline
sM & 3 &3 &3\\
\hline
sA3 & 12 & 6 & \\
\hline
5 T sA2 & \frac{36-183}{12} & 3 & \\
S 1 1 1 \hline
st 3 s & \frac{9-36}{1.5} & & \\
3 \hline
] 12 6 sA{0} & 3 & & \\
9  36-18 \end{bmatrix}\)
s 3
12
9-36
5 15
s? 3

There are two sign changes in the first column of Routh table. Hence, the control system is u
nstable.

(8% +3s* + 8% + 352 + s+ 3) =%(384—|—382+3) (s+3)

1
(55+3s4+s3+3s2+s+3) = §<3s4+3s2+3)(s+3)
Example 10
1
55+25%4+-2453 14852 —255—50

Use RH array to assess whether the transfer function
1

is stable
2 +254 42453 +4852—-255—50

35 1 24 —-25 S5 1 24 -25

st 2 48 —50 ||s* 2 48 -50
3 0 0 30 0

A(s) = 25* + 4852 — 504(s) = 25 + 4852 — 50

dA
dA __ 3 0.3
E = 8s +963d5 = 8s~ + 96s

o1 o ][0 1 ® ]
o 48  —_50 st 2 48 -50
$ 8 96 s 8 9%

2 24 50 s2 24 =50

s 1127 O s 1127 0

| s —50 0 110 —50 o
| |

We see that there is one change in the sign in the first column
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s® + 25 4 245° + 4857 — 255 — 50 = 2 (2s* + 48s% — 50) (s + 2)

1
§5+25* + 2457 + 4852~ 255~ 50 = 5 (254 + 485 — 50)(s +2)

Example 11
. 1 ! .

Use RH array to assess whether the transfer function B oA 280128 L 1a ] o1t rad e leny IS
stable

5 s 1 2 1

s 1 2 1

st 1 2 1 |[st 1 21

$ 00 50 0

A(s) = s* + 282 4 14(s) = s* + 252 + 1

dA
%=4s3+4s$=4s3+4s
s 2 1[0 2]
4

34 1 2 1 S 1 2 1

$ 4 4 2 4 4

2 11 s2 1 1

s 00 s 0 0

|| [ |

A(s) = 8% +14(s) = s + 1
dA dA
5228522‘?
'5121'-s5121.

S

412 1 || 2

3 4 4 s> 4 4

22 11 s2 11

s 2 0 s 2 0

0

s 1 0 L 10

| | [ |

We see that there is no change in the sign in the first column

(s5+s*+25%+2s% +1s+1) = (32+2)2(s+1)(s5+s4+2s3+2s2+1s+1)= <S2+2)2(s+1)
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Example 12
. 1 .
Used RH array to assess whether the transfer function ——— is stable
s°+3Ks“+ (K+2)s+4
\(\begin{bmatrix}
sA3 & 1 & (K+2) & @0 \\
\hline
sA2 & 3K & 4 & \\
\hline
_ - SA1 & \frac{(K+2)(3K) -43{3K} & & \\
g3 1 (K+2) 0 \hline
2 SN0 & 4 & & \\
s 3K 4 \hline
1 (K+2)(3K)—4 \end{bmatrix}\)
5 Tk
80 4

3K > 0\C 3K \gt 0\)

(K+2;(13K)_4 > 0O\(\frac{(K+2)(3K) -4}{3K}\gt 0\)

3K2 +6K —4>03K>+6K-4>0

s —6++/84
—6-++/84
k > Tk > 6
\21
k= —1+—=
Example 13
1
Is 5 stable
sc+s+1
—1%if3
_1:|:z'\/§s _ W3
s = 2 2
2
32 1 S 1 1
st 0 st 10
s 05 s 05

No sign change so stable.

Example 14
1 1
Is g s4+s2+lstable
— 103
2 —1+iv3 2 _ v
= — 7
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2 _ 1 o . omNo 2n o 2n
t* = 1[cos(57) + isin(5)]t” = 1[cos(5) + isin(5)]
2r 2r

r?[cos(a) + isin(@)]® = 1[cos(3F) + isin(3F)]r*cos(a) + isin(a))* = 1[cos(5) + isin(5)]

2[cos(2a) + isin(2a)] = L[cos(Z%) + isin(25)]{cos2a) + isina)] = 1[cos(3) + isin(3 )]

0‘1=§a1=§

@z =—3a,= _g
—
a4=2§a4—2§

https://www.youtube.com/watch? = (https://www.youtube.com/watch?)

v=yf090rHa5208&list=PLUMWjy5jgHK3j74Z5Tq6Tso1fSFVWZC8L&index=9

https://lwww.ssgmce.ac.in/student_resource/Electronics%20&%20Telecommunication%20E

ngg./CSE_3u/routh%20criterion%202.pdf =

(https://www.ssgmce.ac.in/student_resource/Electronics%20&%20Telecommunication%20Engg./CSE
3u/routh%20criterion%202.pdf)

https://uomustansiriyah.edu.ig/media/lectures/5/5 2020 _05_06!01_12_34 PM.pdf
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