Change of Variables
Background

Area of parallelogram = base x perpendicular height = |b||a|sinf = |a x b|
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Jacobian

u, v — coordinates:

Area = dudv

X,y — coordinates:
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For x= g(u,v) and y = h(u,v)

[z f(z,y)dzdy = [[ f(g(u,v), h(u,v))J (u, v)dudv
u(x,y) and v(x,y)

Au =~ u Az + u,Ay

Av = v, Az + v, Ay
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The scaling factor for the area is the determinant of the matrix.
< Az,0 >—< Au, Av >=< U Az, Vo, Ax >

< 0,Ay >—=< Au, Av >~=< U,Ay, V,Ay >

area' = det () dxdy

Alternatively,

x(u,v) and y(u,v)

Az ~ z,Au + x,Av

Ay ~ y,Au + y,Av

Az\ (z, =\ (Au

Ay) " \yu w0/ \Av
The scaling factor for the area is the determinant of the matrix.
< Au,0 >—=< Az, Ay >~< X, Au, Y, Au >

<0,Av >—>< Az, Ay >~< X, Av, Y, Av >

area' = det () dudv

Example

Given reglon defined by 2x-y=0, 2x+y=0 and the y axis and x axis. Compute
[ (4z? — y*)*dzdy

u=2x-y

V=2X +y



u-v = -2y
[z (4 z? — ") daxdy = fo o ( v)4)%dudv
Example

Region defined by y = x-1, y=x-2andy=1,y = 2

[z f(,y)dady = [ [} f(g(u,v), h(u,v))(1)dudv

Example
Find the scaling factor (dxdy vs dudv)
u=3x-2y

V=X+Yy

dA=dxdy dA' = dudv



[f dzdy = [[ +dudv
Example

Find the area of a circle

[ dady = [ fe T rdrdf = Tr?

Example

Find the area of an ellipse with semi-axes a,b
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Change the Variables
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ffR dmdy - ffu2+v2<1 d’LLd’U - a’b ffu2+v2<1 du’dv

ab (area of unit circle = abm

Example

Find the volume of the region under the curve z = 9 — 2% — 42

fx——S f _ W9 —x? — y’dxdy
S5 229 — r)rdrd = 8

Example

Compute f01 fol z’ydxdy using a change of variables



u=Xx

V=XY

fol fol zlydrdy = fol fvl vdudv



