Implicit Function Theorem

Background

Function

Function is one-to-one or many to one. One-to-one function is one x values corresponds
to one y values.

Projection of a onto b

Projection = |a|cos(0) = TT'I\)

Resolved vector of d onto b

Resolved = Projection x b

lresolved| = |Projection|

Tangential planes

Plane: a(z — x¢) + b(y — yo) + c(z — 29) = 0
z0 = f(@0, Yo)-

F(x.y,2)= z-f(xy)

AF =< —f3, = f, 1 >

AFyy020 =< — f(Z0, Y0)5 — fy(®0, %0), 1 >

Plane: — f2(z0, yo)(z — ®0) — f(z0,Y0) (¥ — yo) + (2 — 20) =0
Chain Rule

w = W(X,y,z), X = x(t), y= y(t), z= z(t)

Cfl_lf = wm‘fl—f + wy% +wzcclz_:§

dw _ dF
p = Vw.

level curves
Z=2X+Yy

All these level curves will be lines e.g.



0=2x+y
1=2x+y
z=x*+1ytegl =2x%+?

Example

z=f(xy) = xy

eg.xy =2

Level Surface

A surface S in the R3 is called a level surface of f(x,y,z) if the value of f on every point S is
some fixed constant. For example every body in a class room is the level surface of 37
degrees celsius- providing students do not have fever.




“Level points” Level curves Level surfaces
Why F(z,y, f(z,y)) =0?

4yt +2-1=0

T 2= flz,y)

b— (2,5, f(2,9))

2+t fey)-1=0

\‘




gx) continous
9(xo) >0
}
3 N(xo) where

g0>0

0F

0z

Gradient

Gradient is perpendicular to the level curves.

It points towards higher values.

of
oz

Vi=| %

of
0z

Example 1

flz,y) =2*+ 9

of
or
Vf= of
Oy

Example 2


https://www.geogebra.org/m/sWsGNs86
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z= f(z,y) = zy
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Example 2

w = a1 + agy + asz,

Vw =< a,as, a3 >

Level surface c = a1z + a2y + a3z

This is a plane

The normal to the plane is the vector < a1, a2, a3 >

This is the same as the gradient.
Example 3

f(w,y,z)=x2—|—y2—z

0 = 2%+ y? — z - circular parabola.
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1 = 2% + 9? — z - circular parabola where the vertex is at -1.
Gradient is the direction of steepest ascent

Example 4

w= x>+ y2,

Vw =< 2z, 2y, >

Level curve ¢ = 22 + 92

This is a circle where % = _7“”

The normal to the tangent is the vector < z,y, >

This is the same direction as the gradient.

Proof that normal to the tangent plane is the gradient
7 = 7(t) stays on the level surface w = F(z,y,2) = c.
< z(t),y(t), z(t) >

velocity vector is going to be tangential to the curve and also tangential to level surface
(curve is inside the surface).

T

V= % is tangential to the level surface w = c.

- dw _ dr
By the chain rule - = Vw.

dt
dw
Er Vw.v
since w = ¢, therefore ‘fi—lf =0

Hence the velocity as the gradient are perpendicular to eachother

The gradient is also perpendicular to any vector on the tangential plane.

Pigf=]

il Qede+2ydy=0
. ('ﬁF oF )
n=\|—,+—
\dz’ dy |

normal vector



Finding Tangential plane to a surface
Level surface 22 + ¢> — 22 = 4 at (2,1,1)
Vw =< 2z, 2y, —2z >

Normal to tangential plane < 4,2, —2 >
Tangential plane: 4 + 2y — 2z = 8
Alternative method

dw = 2xdzx + 2ydy — 2zdz

at (2,1,1) dw = 4dx + 2dy — 2dz

at (2,1,1) AW ~ 4Ax + 2Ay — 2Az
We stay on the level surface AW = 0
4z —2)+2(y—1)—2(z—1)=0



Directional derivative
Fix a direction @ =< uy,uz > where |u| =1
z(s) = xo + suy

y(s) = yo + susy

limg_y f(zotsug,yotsug) — f(zo,y0)

Dy f(zo, yo) = p

Dy f(z0,90) = %[f(ﬁ(s)ay(s))ﬂszo
Dy f(z0,90) = fel(zowo)@s + Fol(zow)
Dy f(20,y0) = fx|(;z:0,y0)u1 + fyl @ozo 2
Dif(z0,%0) = V flagyo U

dy

Implicit Function Theorem
F(z, )eC1 in a neighbourhood of (o, yo)
F(zo,y0) =

3—f(:c0,y0) # 0

df = SLdy + ZLdx

If these conditions are met then there is an explicit function y=f(x)

Implicit Function Theorem Examples


https://www.geogebra.org/m/Bx8nFMNc

Example 1
F(z,y)=2>+4y*—-1=0

dF = (2y)dy + (2z)dx

Interval is (-1,1)

f(z) =+v1—22onlor f(z) = —v/1 —z2onl

o [oF
S 0,F . f'()

=0,F+0,F- {'(x)=0

s 0 F
I)=-—
I 0, F

Example 2
= OF OF OF
n =< Bz Oy’ 0z >
z = f(xy)

_ dz _ Of
M= 0 = o

Tangent line =< 1, %, 0>



n ine — OF | OF Of _
n. Tangent line = 3~ + oy 9z — U

df  Choose a constaut
== 7 and then derive with
or

e§ect to 2

l 0,F l
ﬁ‘ = ayF 0

0F) o

=, F+0,F-0,f =0

Example 3

Flz,y) ="+ vy’ +y+z=0
F(z,y) =5y*+3*+1>0
This function is strictly increasing
exactly one root

df = (5y* + 3y® + 1)dy + (z)d=x

dy _ ~1
— (54L3241)
dx (5y*+3y=+1)

Generalisation- n + 1 coordinates
5 - (wlax%"')xn)

F(Z,y)eC* in a neighbourhood of Ny(zj, o)
F(Ny) =0

0

FE(No) # 0

If these conditions are met then there is an explicit function y = f(z)

OF
d 0 -
dgi:(?a{i:_g;g (7’:172737”'7k)

Example 4

F(z,y,2) =3z%y —yz? — 422 —7=0



We can show that near (-1,1,2) we can write y = f(x,2)

F(-1,1,2) =0
g—g = bzy — 4z
oF 2

or __ 2 _
6y—3x z

OF

E = 22y
dy _of o 6ry—4z _
a1 = gl = — ezl = —14

We can find y explicitly without the theorem.
y=f(z,2) = 255
Using the quotient rule

L1y =-14

Example 5
F(z,y,2) = 3z%y —y2? —4xzz—7=0

In this example, we can write z = f(x,y) explicitly by the quadratic formula

dx++/(—4x)2—4(—y)(—T+3z%)

Z= 62y
The theorem fails at Ny(—1, 1, 2)

% = —2zy — 4z
S (No) =0
Example 6

F(z,y) = (z —y)°
F(z,y) = 0 thereforey = x
There is an explicit function at any point.

However at (0,0)
d

97(0,0) =0

0

(0,0 =0

The theorem does not apply



Proof for two variables

G (w0, y0) # 0

Case 1

& >0

At a neighbourhood of (xg, o)

F(zg,y) is strictly increasing in terms of y.
F(z0,90) =0

There exists a y; such that F'(zg,y;) > 0
There exists a ys such that F'(zg,y2) < 0
For every x near x

F(z,y1) >0

F(z,y3) <0

For such an x near x, since

g—i > 0, F(x,y) is increasing (as an increasing function of y)

o o> !'F? by = 0o

Summary if %—g(Iﬂo,yo) > 0 therefore
assuming (x,y) are near (o, Yo)

9 (,y) > 0




Therefore there exists a unique y such that F(z,y) = 0

f(x) is an implicit function with x as the domain.
This proves that y=f(x) exists and is unique proof of the formula for f'(x)
F(x,f(x)) = 0
By the chain rule
o 4 %—5 () =0
—OF

(ORE:
Ty

The gradient is perpendicular to level surfaces

Suppose we have a function g(z, y, z)eC* at Mo(zo, yo, 20)
9(Mp) = g(0, Yo, 20) = co

Denote by S the level surface g(x,y, z) = ¢
Assume that Vg(zo, yo, 29) # 0

Say for example that % #0

F(z,y,2) = g(z,9,2) — co

F(Mp) =0, FeC!

SE (My) # 0

By the implicit function theorem

feC* . 20 = f(z0,y0)

F(z,y, f(z,y)) = 0in a neighbourhood
9(z,y, f(x,y)) = co near M,

Hence near M the level surface S is the graph of f(x,y).

The tangent plane at M,

z = f(xo,y0) + %(wo, Yo)(z — xo) + g—g(wo,yo)(y — o)

_oF _OF
z = f(xo,y0) + —%17725‘(5130,yo)(m — x0) + —%F?g—(fﬂo,yo)(y — o)



or

z = f(xo,y0) + ;%(370, Yo)(z — o) + ;%gy—(iﬁoa Y0)(Y — Yo)

%(w—wo)—i—@(y Yo) + 89(2—20) 0

y
Hence the gradient of g is perpendicular to the tangential plane to S at M.

The gradient of g is the normal of the tangential plane.

Example

Find the tangential plane to the surface x? + y2 + 22 = R2? at (0,0,R)
g(z,y,2) =22 +y* + 22 — R?

Vg =< 2z,2y,2z >

Normal of the tangent < 0,0,2R >

2Rz =d

Tangent plane: z = R
Example 6

2%+ y? + 2% = sin(zy)

F(z,y,2) = 2® + y> + 2* — sin(zy)

0z .  Fe

Ox Fy

0 _ %

0r —  2z—ycos(zy)
0z _ _Fu

Oy F,

0z __ _ 2y—zcos(zy)
oy 2z—ycos(zy)
Example 7

22+t + 23+ 3z =38



F(z,y) = 22+ y* + 23 + 3zy® — 8
Fu(z,y) = 22 + 3y
Fy(z,y) = 4y° + 6y

Fz(w7y) - —322
8z 2x+3y2
or ~— —322
0z _ 43462y
oy —322

Method 2- implicit differentiation

2z + 32295 + 3y =8

az . 2$+3y2
O T T —372
Example 8

zy® + 222 = 6

F(z,y) = 2y’ + 2222 — 6
Fu(z,y) = y° + 2222
Fy(z,y) = 3y’

F.(z,y) = 2222

oz y3+2a:z2
ox — 2212
0z _ 3my2

oy 222



